In this paper, we prove a central limit theorem and establish a moderate deviation principle for 2D stochastic hydrodynamical type systems with multiplicative noise in unbounded domains, which covers 2D Navier-Stokes equations, 2D MHD models and the 2D magnetic Bénard problem and also shell models of turbulence. The weak convergence method plays an important role in obtaining the moderate deviation principle.
Introduction
Let (Ω, F , P) be a probability space with an increasing family {F t } 0≤t≤T of the sub-σ-fields of F satisfying the usual conditions. Consider abstract stochastic evolution equation of the following form ∂ t u + Au + B(u, u) + R(u) = σ(t, u)Ẇ (t), (1.1) where W (·) is a Wiener process. This abstract nonlinear form covers a host class of 2D hydrodynamical type systems including the following models. The computational overhead connected with the Leray α-model was lower than that of dynamic models, like the Lagrangian averaged Navier-Stokes α-model and other sub-grid scale models of turbulence. (6) Shell models of turbulence are useful phenomenological models that retain certain features of the Navier-Stokes equations. These models are the Navier-Stokes equations written in Fourier space containing only local interaction between the modes. Their main computational advantage is the parameterization of the fluctuation of a turbulent field in each octave of wave numbers (called shells) by few representative variables. We refer to 7 and the references therein for examples and more details.
Let u ε denote the solution of the following equation du ε (t) + Au ε (t)dt + B(u ε (t))dt +R(t, u ε (t))dt = √ εσ(t, u ε (t))dW (t), (1.2) with the initial condition u ε (0) = ξ for some fixed point ξ in H. As the parameter ε tends to zero, the solution u ε of (1.2) will tend to the solution u 0 of the following deterministic equation du 0 (t) + Au 0 (t)dt + B(u 0 (t))dt +R(t, u 0 (t))dt = 0, with u 0 (0) = ξ ∈ H. (1.
3)
The aim of this paper is to study deviations of u ǫ from u 0 as ǫ → 0. That is, the asymptotic behavior of the trajectory 1 √ ǫλ(ε) (u ǫ − u 0 )(t), t ∈ [0, T ].
When λ(ε) = 1, it is related to central limit theorem (CLT for short). And when λ(ε) is the deviation scale verifies
it provides so-called moderate deviation principle (MDP for short, cf. 8). Throughout the paper, we assume that (1.4) is in place.
Moderate deviation is an intermediate estimation between the large deviation with scale λ(ε) = 1/ √ ε and the CLT. Like the large deviations, the moderate deviation theory stems from inferential theory of statistics. In recent years, there is an increasing interest on the study of MDP. For independent and identically distributed random sequences, Chen 4, 5, 6 In this paper, we prove a central limit theorem and establish a moderate deviation principle for the class of abstract nonlinear stochastic models of the form (1.2) with multiplicative noise in unbounded domains, which cover a wide class of mathematical coupled models from fluid dynamics mentioned in first sentence. There are two main difficulties. One is caused by the bilinear term in hydrodynamical systems, we have to deal with the moment of the norm delicately. Another one is that, since we do not assume the compactness of embeddings in the corresponding Gelfand triple V ⊂ H ⊂ V ′ , this allows us to cover the important class of hydrodynamical models in unbounded domains. The payoff is that we have to impose some more time regularity assumption on the diffusion coefficient (see (4.5)), much of the problem is caused by this. This is the main difference from 19. The technique introduced by 7 will be used in our paper.
The organization of this paper is as follows. In Section 2, we shall introduce stochastic 2D hydrodynamical type systems. We prove the CLT in Section 3. Section 4 is devoted to show the MDP.
Throughout this paper, C is a positive constant independent of ε and its value may be different from line to line.
Description of the Model
To formulate the stochastic evolution equation (1.2), we introduce the following standard spaces: let (H, |·|, (·, ·)) denote a separable Hilbert space, and A be an selfadjoint positive linear operator on H. Set V = Dom(A 
where B(u) := B(u, u).
We assume that the mapping B : V × V → V ′ satisfies the following antisymmetry and bounded conditions:
There exists a Banach interpolation space H possessing the properties:
It is evident that (2.4) is equivalent to the following two inequalities (see Remark 2.1 in 7), 6) where C 1 , C 2 , C are some positive constants. In view of (2.2), (2.3) and (2.6), it yields
And then,
The covariance operator Q of the Wiener process W (·) is a positive symmetric, trace class operator on H. Let H 0 = Q 1/2 H. Then H 0 is a Hilbert space with the inner product
Let | · | 0 denote the norm in H 0 . Clearly, the embedding of H 0 in H is HilbertSchmidt, since Q is a trace class operator. Let L Q (H 0 ; H) denote the space of linear operators S such that SQ 1/2 is a Hilbert-Schmidt operator from H to H. Define the norm on the space L Q (H 0 ; H) by |S| LQ = tr(SQS * ). Set L (H0,H) the space of all bounded linear operators from H 0 into H, and denote
We introduce another coefficientR ∈ C([0, T ] × H; H) which satisfy, for some
From the Theorem 2.4 in 7, the following lemma holds. 
Lemma 2.1 Assume that (C1-1)-(C1-3), (C2-1)-(C2-2) and (C3) hold. There exists a constant
(2.10) and particulary,
0 is the solution of (1.3).
Central Limit Theorem
In this section, we will establish the CLT.
The following result is concerned with the convergence of u ε as ε → 0, and can be obtained similarly as Proposition 3.1 in 19. The proof is omitted.
Proposition 3.1 Under the conditions (C1-1)-(C1-3), (C2-1)-(C2-2) and (C3), there exists a constant
Let V 0 be the solution of the following SPDE:
For the existence and uniqueness of the solution for (3.2), we need the following additional assumption about
Similarly as the proof in Theorem 2.4 in 7, the following lemma holds.
Lemma 3.1 Assume that (C1-1)-(C1-3), (C2-1)-(C2-2) and (C4) hold. (3.2) has a unique weak solution
. Furthermore, the solution has the following estimate, for some constant C > 0,
Our first main result is the CLT. We add the following assumption onR ′ .
(C5) There exists C > 0 such that, for every u 1 , u 2 ∈ H,
Theorem 3.2 (Central Limit Theorem) Under the conditions (C1-1)-(C1-3), (C2-1)-(C2-2) and (C3)-(C5), (u
ds → 0, in probability. 
Because of (2.2) and (2.7), we have
3) and (2.4) yield
In view of (C4), (C5) and
we obtain
For any δ > 0, introduce sets A
(3.10)
From (C2-2), we get
Multiply by 1 A s δ , taking the supremum up to time t in (3.6), and then taking the expectation, one obtains
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and taking N → ∞, it yields
Thus, for any l > 0,
where (A 
2 ds > l → 0, as ε → 0 which completes the proof.
For the integrity in the proof of last theorem, we have to show the following estimate. Because the operatorR ′ satisfies (C4) and (C5), using the similar arguments as the proof of Lemma 3.2 in 19, we have
Lemma 3.2 Under the conditions (C1-1)-(C1-3), (C2-1)-(C2-2) and (C3)-(C5), there exists a constant
(3.14)
Moderate deviations
. Then Z ε satisfies the following SPDE: Firstly we recall the general criteria for a large deviation principle (LDP) given in 2. Let E be a Polish space with the Borel σ-field B(E). For any h ∈ H 0 , consider the deterministic integral equation
with initial value X h (0) = 0 and for any φ ε ∈ A, consider
with initial value X ε (0) = 0.
Now we are ready to state the second main result. We assume that (C6) there exist κ, C > 0, for any
Theorem 4.3 (Moderate Deviation Principle) Under the conditions (C1-1)-(C1-3), (C2-1)-(C2-2) and (C3)-(C6), (u
with speed λ 2 (ε) and with rate function I given by
with the convention inf{∅} = ∞.
We will adopt the following weak convergence method to prove the MDP. 
Theorem 4.4 (Budhiraja and Dupuis 2) For
Then the family {Y ε } ε>0 satisfies a LDP in E with the rate function I given by
To prove Theorem 4.3, we only need to verify the following two propositions according to Theorem 4.4.
Proposition 4.5 Under the same conditions as Theorem 4.3, for every fixed
N ∈ N, let φ ε , φ ∈ A N be such that φ ε convergence in distribution to φ as ε → 0. Then Γ ε W (·) + λ(ε) √ ε · 0φ ε (s)ds convergence in distribution to Γ 0 · 0φ (s)ds in C([0, T ]; H) ∩ L 2 ([0, T ]; V ) as ε → 0.
Proposition 4.6 Under the same conditions as Theorem 4.3, for every positive number N < ∞, the family
We start to prove Proposition 4.5 and we need the following two lemmas. In this section, set B(u, v, w) = (B(u, v), w). 
and specially,
Proof. Similarly as Theorem 2.4 in 7, the existence and uniqueness of the solution can be proved. Here, we will prove (4.8) and (4.9). Define τ M := inf{t :
Itô's formula and (4.4), we have
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By (2.7), one has
From (C3), we have
By the Burkholder-Davis-Gundy inequality and (C2-1), we have
we get
Taking the supremum up to time t in (4.10), and then taking the expectation, Gronwall's inequality implies
for any φ ε ∈ A N , here we choose ε and η small enough. Letting M → ∞, we get (4.8).
The proof of (4.9) is very similar to that of the deterministic case (4.8), we omit it here. The proof of this lemma is complete.
For every integer n, let ψ n :
We show the following lemma.
Lemma 4.2 There exist ε 0 , N 0 > 0 such that for any ε ∈ (0, ε 0 ] and φ ε ∈ A N , 18) for any M > N 0 , where C is independent on ε, M and N .
It is easy to see
Because of G ε M (T ) ⊂ G ε M (r), we have Recall (1.4), we have for all sufficient small ε,
Putting all the estimation of I k into (4.19), we obtain (4.18) which completes the proof.
Proof of Propsition4.5: From Skorokhod representation theorem, there exists (φ ε ,φ,W ε ) such that (φ ε ,W ε ) and (φ ε , W ) have the same distribution, the distribution ofφ coincides with that of φ andφ ε convergesφ a.s. in the weak topology of S M . To lighten notations, we will write (φ ε ,φ,W ε ) = (φ ε , φ, W ). 
